The radial basis function (RBF) mesh deformation methodology is used in this paper to impose large deformations on two-dimensional unstructured hybrid meshes around airfoils, including translation and rigid rotation of the airfoil with respect to its original position. It is realized that, for such large deformations, some of the adopted RBFs failed to produce acceptable deformed meshes: the resulting meshes include large areas with overlapping elements. In order to improve the resulting mesh quality the RBF mesh deformation methodology is combined with a Laplacian smoothing operator, which is repeatedly called after the completion of the basic RBF mesh deformation procedure. A widely adopted metric for mesh quality is used to evaluate the quality of the deformed mesh, with and without Laplacian smoothing, for various radial basis functions. Results for unstructured hybrid meshes are presented, demonstrating the effect of the various RBFs as well as the application of Laplacian smoothing, in terms of grid quality metric values.
Introduction
Interest in computational fluid dynamics (CFD) technology on moving grids has increased during the last decade. The need of simulating flows past moving and/or deforming bodies is continually growing. Two key elements of this technology have been time-accurate discretization schemes on moving grids (also known as dynamic meshes), and robust algorithms for updating the position of the grid points in such meshes. Farhat [1] presents some of the theoretical and computational advances made in this area, highlights sample applications they have enabled in aero-elasticity and multidisciplinary optimization, and concludes with a brief discussion of specific barriers to progress. Since the reconstruction of the computational mesh is computationally unaffordable, the use of fast mesh deformation tools is required. Several methods are currently in use, such as the method of spring analogy, simple algebraic methods, transfinite interpolation (TFI), the solution of partial differential equations, the moving sub-mesh approach (MSA) and methods based on radial basis functions (RBFs). The latter exhibit small computational cost while in general maintain the overall quality of the original grid after the deformation; they are independent of the mesh connectivities and, therefore, structured, unstructured and hybrid meshes can be treated in the same manner.
The classic method, which uses the spring analogy to induce strain on the grid edges, was originally proposed by Batina [2] for unstructured grids and extended later by Robinson et al. [3] for structured grids. This method can handle large deformations, but because it is an iterative method, which simulates mesh generation in solving elliptic differential equation, proved time consuming, especially for large grids. Special cases of this approach include the use of Laplacian operators and Biharmonic functions [4] . Cizmas and Gargoloff [5] suggested a grid generation and deformation algorithm for wings with large deformations. Firstly, the spring analogy technique was applied to deform the nodes within a mesh layer and secondly, the layers were deformed in order to be perpendicular to the boundaries of the domain and to the surface of the wing. All these methods require solving a sparse system of equations for all grid nodes, which can be solved approximately for a small number of iterations. In addition, it is important to note that the grid re-meshing algorithm had the benefit of keeping unchanged the grid topology, which is advantageous for a parallel flow solver. Schuster et al. [6] and Bhardwaj et al. [7] used a simple algebraic method to deform the grid, by reordering the nodes along the grid lines in a direction perpendicular to the solid wall. This method can cause problems for complex geometries, as in this case is difficult to determine the vertical direction in which the deformation takes place. Moreover, the method is limited to small deformations while in large deformations results in a very low mesh quality. Eriksson [8] proposed a Transfinite Interpolation method (TFI) to redefine unique computational spaces, while Hartwich and Agrawal [9] combined the spring analogy approach with the TFI method for mesh redefinition in grids consisting of multiple blocks. The spring analogy is used to move all boundary edges for each block and, then, TFI method is applied to reconstruct the grids in deformed blocks. The method was further developed by Potsdam and Guruswamy [10] , and included parallel processing.
The method presented in [11, 12, 13] uses Radial Basis Functions (RBF) to calculate the movement of grid nodes. The method requires the solution of a system of equations only for the boundary nodes. Displacement-based on RBF was also used by Jakobsson and Amoignon [14] . RBF-based methodologies exhibit small computational cost while maintain the overall quality of the original grid after moving. Morris et al. [15] used a domain element method with a geometric parameterization technique for application to CFD-based aerodynamic optimization. The parameterization uses RBFs to interpolate positions of the domain element and the grid coordinates, to provide simultaneous deformation of the design surface and its corresponding mesh.
Rendall and Allen initially [16] presented an RBF-based method which is independent of connectivity and produces high-quality meshes, besides the fact that it is expensive for large meshes. The efficiency of the technique improved by reducing the number of surface points used to define surface deformations, while the position error was corrected with a simple decaying perturbation, combining a primary basis function method and a secondary local correction method. Furthermore [17] , they presented an efficient mesh motion method using RBFs where the surface deformations are smooth, with the computation results demonstrating that greedy algorithms offer an extremely effective method of cost reduction for this approach. They showed that RBF-based mesh deformation is very effective, preserving orthogonality and producing high quality meshes, but potentially expensive owing to the dependence of the entire volume mesh on a large number of surface points. A following study [18] proposed a method that utilizes an error function on the surface mesh to select a reduced subset of the surface points; this subset contains a sufficiently small number of points so as to make the volume deformation fast, while a correction function is used to correct non-included surface points.
Lefrancois [19] proposed the method of "moving submesh approach" (MSA), using the distortion of a pseudo-material in a sparse background grid to significantly reduce the computational cost. The grid is updated using an interpolation technique based on the theory of finite elements. The method is applicable both to structured and unstructured grids. In [20] a very simple low cost algebraic method was presented for the deformation of unstructured grids, which is capable of handling large deformations. In general the algebraic methods, which use simple or more complex interpolation techniques, have the important advantage of low computational cost and are easily adapted for parallel computations.
The motivation behind this work is the evaluation of the mesh deformation methodology based on radial basis functions (RBFs) in cases involving large deformations of unstructured hybrid meshes, typical of those used for the solution of viscous flow equations. Mesh deformation is a key element in various aerodynamic shape optimization methodologies using computational flow dynamics (CFD), as well as in fluid-structure interaction (FSI) methodologies, where the coupled calculations between computational structural mechanics (CSM) and CFD algorithms require the repeated deformation of the computational mesh.
RBF interpolation is used to derive the displacement of the internal fluid nodes given the displacement of the nodes on the solid boundary. There are several types of RBF functions, which are suitable for interpolating multivariate data. They can be divided in two basic groups: functions with compact and functions with global support. In the first case mesh nodes inside a circle (2D) or sphere (3D) with radius R around a centre are influenced by the movement of this center. On the contrary, functions with global support are not equal to zero outside a certain support radius but cover the whole interpolation space. In this work several types of RBF are utilized, such as Gaussian, Multiquadric, Inverse Multiquadric and Inverse Quadric, while the complete RBF deformation computation procedure is presented in detail. The grid which is deformed is a 2D hybrid grid around a NACA0012 airfoil, consisting of triangular an quadrilateral elements, a typical grid used for viscous computations around airfoils.
Methodology

RBF interpolation
RBF interpolation can be used to derive the displacement of the internal mesh nodes given the displacement of the mesh nodes on the deformed boundary. The interpolation function, s, describing the displacement in the whole domain, can be approximated by a weighted sum of basis functions
where s is the RBF, p is a low degree polynomial, typically linear or quadratic, λ i are the RBF coefficients, Φ is a real valued function called the basis function, ||x|| is the Euclidean distance, while x i are the RBF centres (
in which the values of the displacement are known, in our case the nodes on the displaced boundary. The RBF consists of a weighted sum of radially symmetric basic functions Φ located at the centers x i and a low degree polynomial p. Given a set of N points x i and values f i , the interpolation condition is defined as:
The RBF is defined by the coefficients λ i of the basis function along with the coefficients of the polynomial p(x); these are the unknowns of the procedure. In the equation above, f i are the enforced displacements at the N boundary nodes, which serve also as RBF centers, with the additional requirements
for all polynomials q with a degree less or equal to that of polynomial p (with the minimal degree of polynomial p depending on the selection of the basis functions Φ). A unique interpolant is given if the basis function is conditionally positive definite function. For conditionally positively defined basis functions with an order 2 ≤ m a linear polynomial can be used, with a result that rigid body translations are exactly recovered [11] .
If we let {P 1 , . . . ,P L } be a monomial basis for polynomials of the degree of p, and c=(c 1 , . . . , c l ) be the coefficients of p(x) in terms of this basis, then the interpolation condition can be rewritten in matrix form as a linear system 0 0
where A is the (N x N) interpolation matrix
P is an (N x 4) matrix defined by the constraint to interpolate exactly all first degree polynomials p
the vector f is given as
c is the vector of the polynomial coefficients, namely 
Types of RBFs
Various RBF types are available in the literature suitable for interpolating multivariate data. They can be divided in two groups: functions with compact and functions with global support. When a RBF with compact support is used the mesh nodes inside a circle (2D) or sphere (3D) with support radius R around a center x j are influenced by the displacement of the corresponding center:
All compact RBF's are scaled with support radius R ( ξ=r/R). Functions with global support are not equal to zero outside a certain radius; on the contrary they cover the whole interpolation space, which leads to dense matrix systems. In Table 1 various RBFs with compact support are listed [11, 12] . The first four are based on polynomials while the last four are based on the thin plate spline [21] . In Table 2 the RBFs with global support, used in this work are listed too. The MQB and IMQB methods use a parameter a, which controls the shape of the basis functions; a large value of a provides a flat function, while a small value gives a narrow cone-like function [11, 12] .
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Laplacian smoothing
The Laplacian smoothing operator [22] is used for the improvement of the mesh quality. An iterative procedure takes place for the displacement of the mesh internal nodes. The coordinates of a node's new position are computed as the mean value of the coordinates of the centroids of all the adjacent triangular (2D) or tetrahedral (3D) elements
where P N is the corresponding coordinate of node's P new position, N E is the number of the adjacent elements and
C is the corresponding coordinate of the centroid of the i th element. It is an operation that considerably improves the mesh quality by fixing the shape of highly distorted elements and smoothing the node distribution. The Laplacian smoothing operator consists of the following steps:
1. Construction of proper data structures, used for testing the validity of internal nodes displacement.
2. For each internal node the corresponding elements, connected to the node, are identified and their centroids are computed.
3. The mean values for the spatial coordinates of these centroids are computed, corresponding to the coordinates of node's new position.
4. The validity of the modified mesh is tested. The node is displaced provided that a valid mesh is produced.
Steps 2, 3 and 4 are repeated for all internal mesh nodes.
6. The complete procedure may be repeated to produce a smoother mesh.
Evaluation of mesh quality
Distortion metrics [23] can be used to do more than just determine the final quality of a mesh. They can also be used to guide smoothing operations by constraining the movement during Laplacian smoothing and to drive an optimization-based smoothing. Several metrics can be used for a quantitative evaluation of mesh quality, using various criteria. In this paper the ratio of the radii of the circumscribed and inscribed circles (2D) or spheres (3D) is used as a measure of the quality of each element, which is one of the most commonly used measures of mesh quality for tetrahedral elements [24] . For 3D meshes comprising tetrahedral elements the radius of the inscribed sphere inscribed R is given as [24] :
where V is the total volume of the tetrahedral element and i A is the surface of its ith face. The radius of the circumscribed sphere is given as the solution of the following equation [25] : 2  2  2  2  12  13  14  2  2  2  2  21  23  24  2  2  2  2  31  32  34  2  2  2  2  41  42  43  2  2 
where R circ is the radius of the circumscribed sphere and d ij is the distance between i and j nodes of the tetrahedron. The corresponding Ratio is then defined as:
For a regular tetrahedron its value is always 3 and the deviation of this value can be used as a measure of the quality of a tetrahedral element, or of the complete mesh by computing the distribution of elements it terms of the aforementioned ratio. For 2D meshes the value of the Ratio for an equilateral triangle is equal to 2. R circ and R inscribed are given for triangles as For the hybrid meshes used in this work ( Figure 1 ) the distortion metrics refer only to the triangular (2D) and tetrahedral (3D) elements of the mesh. For the 2D cases considered in this work the percentage of triangular elements having a specific value of the quality metric was computed, using six categories regarding the values of the metric: (2.0-2.1), (2.1-2.2), (2.2-2.3), (2.3-2.4), (2.4-2.5), (>2.5) . The more elements belonging to the first category the better the mesh quality, as such elements are closer to the equilateral triangles. 
Computational results
The hybrid 2D grid was constructed around a NACA0012 airfoil with chord length equal to 1.0. The mesh consists of 6758 nodes, 7492 triangles and 2884 quadrilaterals (Figure 1) . In order to obtain a mesh deformation the airfoil was translated by a vector (2.0, -2.0) with an additional rigid rotation of 45 o for the RBFs with compact support. The corresponding translation for the RBFs with global support was set equal to (2.1, -0.5) with the additional rigid rotation of 45 o . Other values of linear displacement and rotation were also tested, not shown here for brevity reasons. In the following figures the mesh resulting from the basic RBF procedure is shown in blue colour while the one after the Laplacian smoothing procedure is shown in red colour. Initially, the four first RBFs with compact support from Table 1 (Figure 2 ) and only for the large value of R the overlapping was avoided (Figures 3 -6) . The mesh quality improved with larger values of R, while the Laplacian smoothing procedure improved the mesh quality only for the better initial meshes; the smoothing procedure failed to improve badly distorted meshes as the one in Figure 3 . The CP C 6 RBF showed the better behaviour compared to the rest RBFs with compact support for the 2D hybrid mesh. Concerning the RBFs with global support, all the functions of Table 2 were tested. Different values of linear and rotational displacements of the boundary nodes were tested, with the results only for the larger displacements presented here for brevity (Figures 7-10 ). The Gaussian RBF (Figure 7) , resulted in overlapping elements, although the linear displacement of the boundary nodes was smaller than the one used for the RBFs with compact support. The Inverse Quadric RBF showed a slightly better behaviour for small boundary displacements but for the larger ones ( Figure 8 ) the results were poor. Although the quality metrics are better than those of the Gaussian one, the final mesh has very dense regions, which are not acceptable for computational purposes. Inverse Multiquadric RBF showed a better behaviour for small and large displacements of the boundary nodes (Figure 9 ), while the Multiquadric RBF resulted in lower quality meshes (Figure 10 ). Similarly to the Gaussian one the Multiquadric RBF resulted in a non uniform mesh density around the displaced airfoil, although with better results than the former. o .
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All the functions tested in this work succeeded in maintaining the shape of the grid close to the displaced airfoil almost unaffected (the one consisting of quadrilateral elements), which is very important for the correct computation of the viscous effects on the solid wall. The use of Laplacian smoothing was generally effective, although its effectiveness was not the same for all the cases considered. The Laplacian smoothing resulted in mesh quality improvements only when it was applied in good initial meshes. It cannot be used to cure overlapping elements or very distorted meshes with highly non-uniform densities. 
Conclusions
Concerning the two-dimensional hybrid meshes, for the RBFs with compact support, as the radius of influence R increases the mesh quality also increases, and the possibility of producing cells with negative volumes decreases. The use of Laplacian smoothing generally improves the mesh quality, but not in the same degree for all different RBF functions tested. The Laplacian smoothing cannot be effectively used to cure overlapping or highly distorted meshes. Better results were obtained using RBFs with global support compared to those of RBFs with compact support and small values of R. However, compared to RBFs with compact support and large R value the latter provided smoother mesh deformations and higher values of the corresponding metrics. For RBFs with global support the Gaussian RBF may cause negative volumes in large mesh deformations, while the inverse quadric RBF provides poor results, with the inverse multiquadric RBF to be the best choice concerning the resulting mesh quality. The computational time of the procedure depends on the number of the boundary nodes. For two-dimensional meshes this can be kept as low as a few seconds. However for three-dimensional meshes that have been also tested (not presented here) with a large number of nodes on the deformed boundary the computational time increases considerably and a percentage of those boundary nodes should be used as RBF centres in order to decrease the computational effort. 
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